Abstract. This paper is a survey of the literature on ways in which the concept of ordering can be extended to the setting of a division ring with involution and the main results for these extensions.
theory as most results follow readily from a knowledge of the theory of formally real fields.
More interesting examples which have been constructed with orderings of various types include nonstandard quaternion algebras (a nonstandard involution causes much different behavior), tensor products of such algebras, crossed products, and skew fields of polynomials or Laurent series. More recently, Morandi and Sethuramen [36, 37] have constructed indecomposable and noncrossed product division algebras with Baer orderings.
In this section we shall describe the many different definitions of ordering and semiordering which have been proposed for a * -field. If the involution is not the identity, no definition can give a total ordering of D since skew elements (i.e., d * = −d) can be neither positive nor negative. All definitions give a total ordering of the symmetric elements S(D). The definitions vary in whether they are restricted to S(D) or are defined on larger subsets of D. More importantly, they vary in the form of their multiplicative properties. Recall that in a formally real field, a semiordering differs from an ordering in requiring closure only under multiplication by squares. See Prestel [39, p. 5] .
All orderings will be defined in terms of their positive cone, a subset P ⊂ D, with the understanding that a < b in D is equivalent to b − a ∈ P . Most definitions come in pairs, one for an ordering with P ⊂ S(D), and the other an "extended" version where some nonsymmetric elements are ordered as well. The relationship between these versions is not always apparent. The most important role of the extended versions has usually been to aid in proofs. All definitions are designed so that the set P = R + of positive real numbers works as an ordering for each of R, C (complex numbers with conjugation as the involution) and H (real quaternions with the standard involution).
The subject began with a definition given by Baer [2, Chap. IV, App. I]. This definition has the advantages that it works well with hermitian forms (see §4) and has examples among finite-dimensional as well as infinite-dimensional division algebras. We begin with definitions which define a semiordering in the case where D is commutative and * is the identity.
Definition 2.1 A Baer ordering on (D, * ) is a subset P ⊆ S(D)
× satisfying P + P ⊆ P , dP d * ⊆ P for all d ∈ D × , 1 ∈ P , and P ∪ −P = S(D) × .
As noted in Chacron [3] , the same definition can be used without restricting P to be a subset of S(D). When needed, we shall call this an extended Baer ordering. An alternative to this definition of ordering was suggested by Chacron [3] , the difference being in how the norm dd * is used in the multiplicative requirement. It was initially proposed in the following extended version.
Definition 2.2 A c-ordering
The following strengthening of the axioms for a c-ordering was proposed in Chacron [5, p.17 ] to make the valuation theory work better (see §3).
Definition 2.3
A normal c-ordering is a c-ordering P with the property that, for any element u ∈ S(D) which is bounded above and below by positive rational numbers, one has sus ∈ P for all s ∈ S(D) × .
Chacron [6] has also introduced the restriction of a c-ordering to the symmetric elements. A formal definition can be given by
Definition 2.4 A symmetric c-ordering is a subset P ⊂ S(D)
× satisfying 1 ∈ P , P + P ⊆ P , P ∪ −P = S(D)
× and, for all p ∈ P and x a product of norms, px + x * p ∈ P .
Chacron actually gave a slightly less restrictive definition by only assuming that the x in the definition was a norm. However, the intersection of a c-ordering with the symmetric elements actually satisfies the stronger condition of this definition, and this form makes it possible to use valuation theory to show that any symmetric c-ordering has an extension to a c-ordering (see Craven [14] ). It is not known if the two definitions are equivalent.
Holland [22] was the first to notice that it is quite reasonable to require closure under multiplication also, thus introducing the first true generalization of orderings (which he called strong orderings). These satisfy the axioms of both Baer orderings and c-orderings. One disadvantage of these orderings is that, just as with total orderings of a skew field without involution, such orderings can exist in a noncommutative skew field D only when D is purely transcendental over its center or D is a standard quaternion algebra.
Definition 2.5 An extended
Note that an extended * -ordering P is a normal subgroup of D × ; indeed, if x, y ∈ P , then so are
The restricted version of this was introduced by Idris [24] , who called it a Jordan ordering. It is simply a Baer ordering closed under a symmetric version of multiplication. Definition 2.6 A * -ordering on (D, * ) is a Baer ordering P satisfying xy+yx ∈ P for all x, y ∈ P .
The next two definitions were introduced by Craven [11] ; they give a version of semiordering which works well with * -orderings, in that virtually all results concerning semiorderings in the commutative theory can be extended to these. Again, their existence implies that D is infinite-dimensional over its center. As in the commutative theory, it is also possible to make the definitions relative to a preordering (cf. [11, §3] ) in place of Σ(D). Definition 2.7 A * -semiordering on (D, * ) is Baer ordering P satisfying xy + y * x ∈ P for all x ∈ P and y ∈ Σ(D).
Using S(D) to denote the set of all nonzero products of symmetric elements, we can state
The final definition to be considered here was introduced by Leung [28] . It has stronger multiplicative properties than a Baer ordering, but still can exist in the case of division rings finite-dimensional over their centers. For this finite-dimensional situation, the orderings are determined by their restriction to the center, so the commutative theory extends more easily. In the infinite-dimensional case, little is known.
Definition 2.9
A weak * -ordering on (D, * ) is a Baer ordering P satisfying aP = P for any a ∈ P ∩ Z D .
Archimedean orderings
The earliest work with these orderings gives characterizations of the archimedean ones. Holland [19, Theorem 2] shows that every archimedean Baer ordered * -field is * and order isomorphic to a subfield of the real numbers, complex numbers or real quaternions. The same holds true for a c-ordered field since archimedean c-orderings are, in fact, Baer orderings (cf. Chacron [3] ).
Artin-Schreier theory
The most fundamental questions to ask are those concerning the extension of the theorems of Artin and Schreier on the existence of orderings and on intersections of orderings. Note that sums of nonzero norms are positive in all types of orderings. However, to obtain the existence of an ordering (any type), it is not sufficient to require that zero cannot be written as a sum of nonzero norms (cf. Holland [19, Corollary 5] ). An alternative is to require that [18] in the commutative case and Holland [22] for extended * -orderings). The intersection of all extended * -orderings is Σ(D) and the intersection of all * -orderings is Σ(D) ∩ S(D). Idris [24] has shown (see §3 for details) that every * -ordering extends uniquely to a maximal extended * -ordering, so it is easy to correlate results between the two types of orderings.
Topology Just as for orderings of commutative fields, one can topologize the sets of Baer orderings, * -orderings, c-orderings, etc. This has been done for Baer orderings in Craven [9] and Leung [29] , for * -orderings in Craven [9] , [11] , [12] , for * -semiorderings in [9] , for weak * -orderings in [29] and for c-orderings in McDonough [35] . In all of these cases, the topology is generated by the subbasis consisting of all sets H(a), defined to be the set of all orderings in which a ∈ S(D) × is positive. As in the commutative case, the spaces are compact, Hausdorff and totally disconnected. In the case of * -orderings, this topology can also be obtained as the Zariski topology on W R(D, * ), a ring of equivalence classes of hermitian forms defined in Craven [11] (see §4 for more information). In the sequel, we shall write X D for the topological space of all * -orderings on (D, * ) and Y D for the space of all Baer orderings.
One of the earliest questions considered (in the commutative theory) regarding this topology was to ask when every clopen (both closed and open) subset can be realized as a set of the form H(a) for some a ∈ S(D) (cf. [26, Theorem 3.20] , [39, §9] , [27, §17] ). This is known as the strong approximation property (SAP). Most of the many equivalent conditions for commutative fields can be generalized. We introduce "fans" here primarily because they will be needed in §4. However, they are also related to the strong approximation property. We shall make the definitions in the * -ordering situation. A preordering is a subset [10, Theorem 2.8] ). For any preordering T , we write 
Valuations and orderings
For commutative fields, every ordering or semiordering has an associated valuation ring; in fact, it has one for which the residue class field has an induced archimedean ordering or semiordering. Noncommutativity creates problems which are, in some respects, partially compensated for by the involution.
Let P be a Baer ordering of (D, * ). To P we associate the set A(P ) = { d ∈ D | n − dd * ∈ P for some n ∈ Z }. This was first studied by Holland [20] , where he shows that A(P ) is a total subring of
To be a valuation ring in the sense of Schilling [41] , the ring A(P ) must also be invariant under inner automorphisms of D. All the early examples of Baer orderings were, in fact, invariant leaving the existence of noninvariant ones open for several years. Morandi and Wadsworth [38] have constructed examples in every possible finite dimension (of D over its center) of Baer ordered * -fields for which A(P ) is not invariant. In any case, the residue (skew) field has an induced involution and an induced archimedean Baer ordering, making it isomorphic to a sub- * -field of the real quaternions H. Holland [20, §4] showed that there is an associated order valuation v, but that the set of values Γ v is not generally a group unless v is a * -valuation
Compatibility We shall follow Leung [28] and Craven [11, §4] in defining compatibility here. We say a * -valuation v and a Baer ordering P are compatible if the valuation ring A v is convex with respect to P , and are fully compatible if
The latter, stronger definition is the one often used for compatibility in the literature. It necessary to make a distinction since any Baer ordering is compatible with its order valuation, but may not be fully compatible with any valuation, even in the commutative case with identity involution (cf. Prestel [ With a slightly stronger version of smoothness to handle products (cf. 
Then Q is a maximal extended * -ordering with order valuation v and satisfying Q ∩ S(D) = P .
The following example shows that there may be infinitely many extensions of a given * -ordering, even when D is commutative (where extended * -orderings are, in fact, c-orderings).
Example Let K = R((x)) be the field of formal Laurent series over the real numbers and let F be the subfield R((x 2 )). Let * be the nontrivial automorphism of K over F (i.e. f (x) * = f (−x)). Note that S(K) = F . As is well known, the field F has exactly two (ordinary) orderings. Let P ⊆ F be the ordering of F in which x 2 is negative; that is,
−n x −2n + · · · ∈ P , the set P is a * -ordering of K. The largest extended * -ordering containing P is the set P max = { ∞ i=−n a i x i ∈ K | n is even and (−1) n/2 a −n > 0 }, obtained from Theorem 3.2. It is not difficult to check that there are infinitely many extended * -orderings between P and P max , namely, all sets P t , where t is an odd integer and P t consists of all finite sums of elements from
It turns out that this example shows the full story for * -orderings. Let Γ 
For the orderings which are not multiplicative (c-orderings, Baer orderings), the restrictions to the symmetric elements can again be extended as in this theorem as long as v is compatible with the ordering. But the converse no longer holds as there are now typically many more extensions. For Baer orderings, if we denote the set of skew elements by Sk(D), they are given by
Proposition 3.4 Craven [14, Proposition 3.3] Let P be a Baer ordering of (D, * ). Let B be any subset of P + Sk(D) such that (1) B + B ⊆ B, (2) dBd
* ⊆ B for any d ∈ D × ,
(3) B is * -closed and (4) P ⊆ B. Then B is an extended Baer ordering and every extended Baer ordering arises in this way.
c-orderings Chacron [5] defines a c-valuation to be a * -valuation w with a slightly weaker condition for reality (reflecting the fact that c-orderings are not necessarily closed under products); to be precise, w(a + b) = min(w(a), w(b)) for a and b sums of norms and daa * d −1 (aa * ) −1 maps to 1 in the residue field for all a, d ∈ D × . Order valuations behave much the same as with Baer orderings: the associated ring is total, but not necessarily invariant. Even if it is invariant, the valuation may not be a c-valuation [5] . One of the major results for c-orderings is a characterization of those c-orderings for which the order valuation is a c-valuation. 
] Let P be a c-ordering of (D, * ). The associated order valuation is a c-valuation if and only if P is a normal c-ordering.
There are also some important facts known about the structure of finitedimensional c-valued division rings. On the other hand, examples can be constructed [7, §4] to show that not all c-valued division rings must decompose as tensor products of quaternion algebras.
Places As usual, valuations have associated places; these are defined in Holland [20, §2] for * -valuations. A place π on a skew field D will be called a * -place if it preserves the involution and satisfies π(
These are studied in some detail in Craven [12] , where much of Lam [27, § §9-11 ] is extended to * -places. Just as every ordering of a commutative field has an associated place into the real numbers, * -orderings have associated places into the real quaternions H by the work of Holland mentioned earlier [20, §4] . To obtain uniqueness, one must consider two places equivalent if they differ by an automorphism of H. Let M(D) denote the set of such equivalence classes of * -places. A major result making this set tractable is the following.
Theorem 3.7 Craven [12, Theorem 2.5] Elements of M(D) are determined by their action on S(D).
The set M(D) can be given the quotient topology from X D , making it a compact Hausdorff space, proved much as in the commutative case. As for commutative fields, we define the real holomorphy ring 
Spaces of orderings and hermitian forms
Baer introduced his notion of ordering precisely because of his interest in hermitian forms. His main theorem in [2, Chap. IV, App. I] is a generalization of Sylvester's theorem of inertia. In spite of this, there has been far less work done on this topic than on the valuation theory for orderings. The general definitions of hermitian forms and Witt groups can be found in books such as Scharlau [40] , but not the connection with orderings. At this point, we no longer consider c-orderings as their multiplicative properties do not behave well with respect to hermitian forms.
The main efforts to carry over the reduced theory of quadratic forms to * -fields, viewing forms as functions on a topological space of orderings, have been by Craven and Smith [11, 15, 16] , though an involution was introduced long ago into the commutative theory by Knebusch, Rosenberg and Ware [26] . A hermitian form over (D, * ) can be diagonalized to have the form φ = a 1 , a 2 , . . . , a n , where
We shall denote the Witt group of anisotropic hermitian forms over (D, * ) by W(D, * ). The basic definitions and properties of hermitian forms over (D, * ) and the definition of the Witt group can be found in Scharlau [40, Chapter 7] . Independent of the question of orderings, there has been some work on extending Springer's Theorem for quadratic forms. In [32] , Lewis considers the kernel and image of the induced homomorphism W (F ) → W (D, * ), where D is an odd dimensional central simple algebra over a field F and the involution fixes F . He shows that the kernel is not zero in general, as it is in the commutative case for odd degree extension fields, and is able to give quite general conditions under which it is zero.
The involution on D works with the Baer orderings and with the hermitian forms in compatible ways, so that one obtains The situation for * -orderings works particularly well, just as * -orderings work well with valuation theory. A canonical factor group of W (D, * ), denoted W R(D, * ), is defined in [11] on which one can define an associative product a · b = (ab + ba)/2 making W R(D, * ) into a ring. We shall use the same notation for elements of this quotient group as for the hermitian forms which represent the equivalence class. The ring homomorphisms of W R(D, * ) into Z correspond to the * -orderings of (D, * ), so that there is a "total signature mapping" W R(D, * ) → C(X D , Z), where C(X D , Z) is the ring of continuous functions from X D to the ring of integers with the discrete topology. The main purpose of the paper [11] is to compute the kernel and image of this mapping (actually in the somewhat more general case of an arbitrary preordering in place of S(D) ∩ Σ(D)).
is additively generated by elements of the form
The computation of the image uses the theory of abstract Witt rings and spaces of orderings developed by Marshall [33] . Sections 3, 4, 5, 14, and 15 of Lam [27] are generalized to * -fields in order to prove that the image of W R(D, * ) is a space of orderings in this abstract sense. Using the abstract theory, one then obtains a computation of the image, a direct generalization of the theorem of Becker and Bröcker for formally real fields. More recently, Theorem 4.1 has been used as a basis for trying to understand the more general situation of Baer orderings and hermitian forms. Since the abstract structure of the Witt group does not carry much information (unlike the ring structure, when there is one), a different approach has been taken in Craven and Smith [15] . This paper works with the subring W S(D, * ) of C(Y D , Z) generated by the image of W (D, * ). For fields, Y D is generally much larger than X D and this ring is more complicated, though it is determined by the reduced Witt ring. But when D is noncommutative, it provides a way of obtaining information about the forms even if D has no * -orderings, such as when D is finite dimensional over its center. While the rings turn out to be more complicated than Witt rings of fields, they can be discussed either in the context of abstract Witt rings as originally defined by Knebusch, Rosenberg and Ware in the early 1970's, or in terms of prespaces of orderings as recently defined in Andradas, Bröcker and Ruiz [1] . But understanding these rings requires a new operation besides the usual product and group ring constructions. Thus we see that instead of the group ring construction for the case of ordinary orderings, there is now also a tensor product involved (over the ring of integers Z).
For odd-dimensional * -fields, work of Leung [30, Theorem 5.9] reduces the computation of these rings to looking at the field of central symmetric elements. Leung accomplishes this by showing that a Baer ordering P of D consists precisely of those elements whose reduced norm is also in P . This gives rise to the following theorem. Leung [31] has extended this to show that there exists a form which determines whether a nonstandard quaternion algebra has a Baer ordering. He does this also for certain tensor products of quaternion algebras.
In particular, the homomorphism W S(Z
0 ) → W S(Z D , * ) → W S(D,
Extending the theory to rings
To apply the ideas here to C*-algebras, one must extend the theory from skew fields to rings with involution. In fact, one would hope that the theory could be extended to arbitrary * -rings, giving a noncommutative version of real algebraic geometry. Marshall has recently taken some major strides in this direction (cf. Marshall [34] ).
Marshall works primarily with the stronger multiplicative form of orderings. He defines a * -ordering for a ring A (containing 1 and having characteristic zero) essentially as in Definition 2.6 plus adding an axiom to handle the intersection P ∩ −P : Definition 5.1 A * -ordering on A is a subset P of the symmetric elements S(A) satisfying 1 ∈ P , −1 / ∈ P , rP r * ⊆ P for all r ∈ A, P ∪ −P = S(A), a, b ∈ P implies ab + ba ∈ P and for any a, b ∈ S(A), aba ∈ P ∩ −P =⇒ a ∈ P ∩ −P or b ∈ P ∩ −P.
This final condition makes the support of P extend to a prime ideal of A and allows a real spectrum to be defined. Factoring out the support of P allows Marshall to deal with domains and use valuation theory in a manner similar to that for * -orderings of skew fields, even though these domains may not have skew fields of fractions. After much work, he is able to generalize the theorem, mentioned in A space of signs is also called an abstract real spectrum and is the natural generalization to commutative rings of a space of orderings. For a C * -algebra, the space of signs is shown to be real closed (in the usual sense of spectral spaces).
Craven and Smith [17] have taken the first steps toward extending the work of Craven [14] to * -rings. They analyze how a given * -ordering P , as a subset of the symmetric elements, can extend to a multiplicatively closed ordering on a larger set of elements. A complete answer is given for Ore * -domains by making use of the field of fractions, though the details are surprisingly complicated. Only a partial answer is given for a domain which is not Ore. An example is provided to show that the problem is not vacuous: the free algebra on two indeterminates over the ring of integers (with the involution which switches the indeterminates) has a * -ordering P with P ∩ −P = {0}.
